In this paper, we introduce some new types of pairs of mappings (f , g) on G-metric spaces called G-weakly commuting of type G f and G-R-weakly commuting of type G f . We obtain also several common fixed point results by using the (E.A) property.
Introduction and preliminaries
In 1976, Jungck [1] proved a common fixed point theorem for commuting maps, but his results required the continuity one of the maps. In ordinary metric space, Sessa [2] introduced a weaker version of the commutativity for a pair of self maps. In this remarkable paper, it is shown that a weakly commuting pair of maps in metric space is commuting, but the converse may not be true.
Later, Jungck [3] improved his results by introducing the notion of compatible mappings in order to generalized the concepts of weak commutativity and showed that weak commuting map are compatible, but the reverse implication may not hold. In 1996, Jungck [4] defined a more general notion, weakly compatible maps. A pair of self mappings is weakly compatible if they commute at their coincidence points.
Thus we have a one way implication, namely Commuting maps ⇒ Weakly Commuting maps ⇒ Compatible maps ⇒ Weakly Compatible maps. Recently, various authors have introduced coincidence point results for a various classes of mappings on metric spaces, for more detail on coincidence point theory and related results see [5] [6] [7] [8] .
However, the study of common fixed point of non-compatible mappings has been initiated by Pant [9, 10] . In 2002, Aamri and El Moutawakil [11] defined a new property called the (E.A) property which generalizes the concept of non-compatible mappings and proved some common fixed point theorems.
Definition 1 ([11] ). Let S and T be two self mappings of a metric space (X, d). We say that T and S satisfy the (E.A) property if there exists a sequence (x n ) such that lim n→∞ Tx n = lim n→∞ Sx n = t, for some t ∈ X .
✩ The paper has been evaluated according to old Aims and Scope of the journal. 1 3 . Therefore, the pair (f , g) is not G-weakly commuting of type G f , but it is G-R-weakly commuting of type G f for R ≥ The following example shows that a pair of mappings (f , g) that is G-weakly commuting of type G f doesn't need to be G-weakly commuting of type G g . 
Example 4. Let
Therefore, the pair (f , g) isn't G-weakly commuting of type G g , but it is G-weakly commuting of type G f .
Lemma 1. If f and g are G-weakly commuting of type G f or G-R-weakly commuting of type G f , then f and g are weakly compatible.
Proof. Let x be a coincidence point of f and g, i.e.
It follows f (g(x)) = g(f (x)), then they commute at their coincidence point. Similarly, if the pair (f , g) is G-R-weakly commuting of type G f , we have
, then the pair (f , g) is weakly compatible.
The converse of Lemma 1 fails (for the case of G-weakly commutativity). The following example confirms this statement.
We see that x = 1 is the only coincidence point and f (g(1)) = f (1) = 1 and g(f (1)) = g(1) = 1, so f and g are weakly compatible.
But, by an easy calculation, one can see that for x = 2 we have,
Therefore, f and g are not G-weakly commuting of type G f . Now, we rewrite Definition 1 on G-metric spaces.
Definition 9.
Let S and T be two self mappings of a G-metric space (X, G). We say that T and S satisfy the (E.A) property if there exists a sequence (x n ) such that (Tx n ) and (Sx n )G-converge to t for some t ∈ X , that is, thanks to Proposition 1,
Remark 2. In view of (1.1) and Example 1, Definition 1 is equivalent to Definition 9.
In the following example, we show that if f and g satisfy the (E.A) property, we have not necessarily that (f , g) is G-weakly commuting of type G f .
Example 6. We return to Example 5. Let
. Then f and g satisfy the (E.A) property, but we know that (f , g) is not G-weakly commuting of type G f .
Again, we state the following:
Some common fixed point results
Following to Matkowski [24] , let Φ be the set of all functions φ such that φ : [0, ∞) → [0, ∞) be a nondecreasing function with lim n→∞ φ n (t) = 0 for all t ∈ (0, +∞). If φ ∈ Φ, then φ is called a Φ-map. If φ is a Φ-map, then it is easy to show that:
Our first result is given by the following:
Theorem 2.1. Let (X, G) be a G-metric space and suppose mappings f , g : X → X satisfy the following conditions:
(1) f and g are G-weakly commuting of type G f ,
If there exists x 0 ∈ X such that δ(O(x 0 , f , ∞)) < ∞ then f and g have a unique common fixed point.
) then by induction we can define a sequence (y n ) ∈ X as follows
If there exist k ≥ 0 and n ≥ 1 such that δ(O(y k , n)) = 0, then immediately we will have y k = y k+1 , hence g(
, then x k+1 is a common fixed point. Throughout this proof, we assume δ(O(y k , n)) > 0, for every k ≥ 0 and n ≥ 1.
Proof of Claim 1. We will prove the claim by induction on m.
where,
In the previous equation, we must have i = 1, since otherwise if i > 1, with i − 1 ≥ 1 and l ≤ n + 1 we have using the fact that φ is nondecreasing and δ(O(
which is a contradiction. Hence,
We will prove it holds for m = k
A similar argument as (2.6) yields that
Thus, by this and having in mind (2.7) and the fact that φ is nondecreasing, we get that
So, by induction on m, we get
that is, Claim 1 is proved.
Similarly, as n → ∞, we have
Therefore, Eq. (2.10) implies that
Claim 2. The sequence (y n ) is a G-Cauchy sequence.
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Proof of Claim 2. Let t 0 = δ(O(y 0 , ∞)), then t 0 > 0, so by the property of φ we have
, therefore f and g satisfy the (E.A) property.
Having t ∈ g(X ), so there exists p ∈ X such that g(p) = t, also
We will show that f (p) = g(p). We argue by contradiction and suppose that f (p) ̸ = g(p), then condition (4) implies that
 .
(2.12)
Taking the limit as n → ∞ and using that the function G is continuous we get
(2.14)
Similarly, one can get 
Finally, we will show that t =: g(p) is a common fixed point of f and g (that is, t = g(t) = f (t)). Suppose that ft ̸ = t,
The same idea as the above gives that
Similarly, we have
We obtain a contradiction. This implies that f (t) = f (p) = t, then t is a common fixed point of f and g. To prove the uniqueness, suppose we have u and v are such that
(2.18)
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Therefore,
G(u, v, v) < G(v, u, u).

Similarly, we get
, a contradiction, so u = v. Then, t is the unique common fixed point.
Corollary 1. Theorem 2.1 remains true if we replace G-weakly commuting of type G f by G-weakly commuting of type G g or G-R-weakly commuting of type G f (retaining the rest of hypothesis).
Now we give some examples to support Theorem 2.1.
t for all x, y, z ∈ X and t ≥ 0.
We have f (X) = [0,
It is easy to see that f and g are G-weakly commuting of type G f . Also we have
Hence, all conditions of Theorem 2.1 are satisfied and u = 0 is the unique common fixed point of f and g.
Note that Theorem 1.1 is not applicable because f doesn't commute with g. Indeed, f (g(x)) = 1 4
The following example shows that hypothesis of Theorem 2.1 is stronger than Theorem 1.1 for commuting maps (the idea of this example appeared in [2] ). 
Now we shall show that f and g are G-weakly commuting of type G g (Here we required to Corollary 1). First, we see that
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and
Thus, f and g are G weakly commuting of type G g . To show that f and g satisfy condition (4), it suffices to prove
First, note that
• Let 0 ≤ x ≤ 1 and y > 1, then
• Let x > 1 and y > 1, then |f (
On the other hand, since φ is nondecreasing, so for all a, b, c ≥ 0 we have
By symmetry of (2.19) and without loss of generality we take x ≤ y ≤ z. We distinguish the following cases: , gy, gz) ). , gy, gz) ). , gy, gz) ). , gy, gz) ) for all x, y, z ∈ X . We deduce that , y, z) ).
Thus, G(fx, fy, fz) ≤ φ(G(gx
is the unique common fixed point of f and g.
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We see that all hypothesis of Theorem 2.1 are satisfied, but this is not the case for Theorem 1. (1) f and g satisfy the (E.A) property,
for all x, y, z ∈ X , then f and g have a unique common fixed point.
Proof. The mappings f and g satisfy the (E.A) property, then there exists in X a sequence (x n ) satisfying lim n→∞ f (x n ) = lim n→∞ g(x n ) = t for some t ∈ X . Since, g(X ) is a closed subspace of X and lim n→∞ g(x n ) = t, hence there exists p ∈ X such that g(p) = t. Also,
We will show that f (p) = g(p). Suppose to the contrary that f (p) ̸ = g(p). The condition (3) implies that
 .
(2.21)
Taking the limit as n → ∞ and using the fact that the functions φ is continuous and G is jointly continuous, we get 22) which is contradiction, so f (p) = g(p). Since f and g are G-weakly commuting of type G f , then
Now, we will show that t = f (p) is a common fixed point of f and g. Suppose that f (t) ̸ = t, then
We deduce that
Adjusting similarly, we get that
, then t is a common fixed point of f and g.
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To prove uniqueness, suppose we have u and v such that (1) f and g satisfy the (E.A) property,
Proof. Since f and g satisfy the (E.A) property, there exists in X a sequence (x n ) satisfying lim n→∞ f (x n ) = lim n→∞ g(x n ) = t for some t ∈ X . Since g(X ) is a closed subspace, then there exists p ∈ X such that g(p) = t. Also, lim n→∞ f (x n ) = g(p) = lim n→∞ g(x n ).
We will show that f (p) = g(p). Suppose that f (p) ̸ = g(p), then the condition (3) implies that
 . Finally, we will show that t := g(p) is a common fixed point of f and g. Suppose that f (t) ̸ = t, then
(g(t), g(p), g(p)), G(g(t), f (t), g(p)), G(g(p), f (p), g(t))
 .
Thus,
G(f (t), t, t) < G(f (t), f (t), t).
Similarly, G(f (t), f (t), t) < G(f (t), t, t). It is a contradiction, so t = f (t) = g(t). Then t is a common fixed point.
To prove uniqueness, suppose we have u and v such that u ̸ = v, f (u) = g(u) = u and f (v) = g(v) = v, then an easy calculation leads to
G(u, v, v) < G(v, u, u).
Similarly, G(v, u, u) < G(u, v, v), it is a contradiction. Hence, u = v. Then t is a unique common fixed point.
